where I ν (·) denotes the modified Bessel function of the first kind of order ν. By [2, eq. (2.15.5.4)], one can reduce (1) to
where 1 F 1 (· · ·) denotes the well-known confluent hypergeometric function. Built-in numerical routines for the computation of this special function are widely available (see, e.g., Maple, Matlab, and Mathematica). By using the property 1 F 1 (a; b; z) = exp(z) 1 F 1 (b − a; b; −z), one can obtain an alternative representation of (2) as
If N is an even integer, then by the definition of the confluent hypergeometric function, one can reduce (3) to
where (e) k = e(e + 1) · · · (e + k − 1) denotes the ascending factorial. Note that (4) is a finite sum of elementary functions.
III. FIRST TEN MOMENTS
Using (2)- (4), one can obtain the first ten moments of the Rician process as 5 .
Note that, for N , odd µ N involves the modified Bessel functions I 0 (·) and I 1 (·). Again, built-in numerical routines for the computation of these special functions are widely available.
Subcarrier Grouping for OFDM With Linear Constellation Precoding Over Multipath Fading Channels
Nghi H. Tran, Student Member, IEEE, Ha H. Nguyen, Senior Member, IEEE, and Tho Le-Ngoc, Fellow, IEEE Abstract-This paper presents a general analysis of the achievable diversity and coding gains of orthogonal frequency-division multiplexing systems using linear constellation precoding and subcarrier grouping over multipath fading channels. It shows that the maximum diversity gain can be achieved with any subcarrier grouping scheme, as long as its group size F is not less than the number of effective resolvable paths L. For F ≥ L, the maximum coding gain can be achieved if F is an Euler number or an integer power of 2. Otherwise, the achievable coding gain approaches at least 70% of the maximum one. The analysis also proves the existence of a unique solution for optimum subcarrier grouping to achieve the maximum coding gain when F = L. Simulation results support the analytical prediction on the diversity and coding gains.
I. INTRODUCTION
Constellation precoding (also known as a signal space diversity technique) can provide performance improvement of a communications system over fading channels by increasing the diversity order of the system [1] , [2] . Applications of constellation precoding have been considered for various orthogonal frequency-division multiplexing (OFDM) systems that operate over frequency-selective fading channels [3] - [9] . In particular, it is shown in [3] that the use of linear constellation precoding (LCP) with a specifically chosen subcarrier grouping can achieve the maximum multipath diversity and coding gains as with precoding over all the available subcarriers. Such an OFDM system is referred to as grouped LCP-OFDM or GLCP-OFDM. GLCP-OFDM is attractive since precoding over groups of subcarriers significantly reduces the complexity of the receiver. More recently, the analysis in [3] is applied to study the diversity gain of single-carrier systems with frequency-domain equalization in [10] . A drawback of the subcarrier grouping proposed in [3] is that the solution is only valid when the size F of a group is equal to the number of channel taps L. Furthermore, it is not clear if the specific subcarrier grouping suggested in [3] is unique when F = L. Since the value of L is determined by the underlying physical channel, the assumption that F = L is not always satisfied. When F > L, it is not known if the subcarrier grouping in [3] can achieve the maximum diversity and coding gains.
This paper examines the solution of subcarrier grouping in GLCP-OFDM for the general case of F ≥ L. First, it is shown that the GLCP-OFDM system can achieve full diversity gain for any group size F ≥ L. For F = L, it is proved that there exists a unique solution for optimum subcarrier grouping, which is the one specified in [3] . When F > L, it is shown that this subcarrier grouping, together with the algebraic group rotation in [3] , can also achieve the maximum diversity and coding gains.
Some notations used in the paper are as follows: the superscripts and H denote transpose and conjugate transpose, respectively; 
With proper insertion and removal of cyclic prefix, the received signal can be presented as r = HGs + n. Here, n = [n 1 , . . . , n N ] is the noise vector, whose elements are independent circularly symmetric complex Gaussian random variables with variance N 0 /2 per dimension. The matrix H = diag(H 1 , . . . , H N ) contains the correlated fading coefficients in its diagonal, where
includes all the L channel tap gains, where each h l is modeled as a circularly symmetric complex Gaussian random variable. In the general case of correlated channel taps, assume that the channel vector h has the full-rank correlation matrix R h = E(hh H ), whose square root matrix is denoted by B h [3] - [5] . For convenience, write H i = h w i , where
For two different OFDM symbols s ands with e = s −s, define
, where G i is the ith row of G, and W is the L × N matrix with the (l, i)th element given as
Next, construct the L × L matrix Q e as follows:
From (4), it can be observed that Q e is positive semidefinite, i.e., all of its eigenvalues are nonnegative. Moreover, the (l, t)th element of Q e is
Consider the matrixQ e = B h Q e B H h , whose rank is R e with the eigenvalues {λ l }. By computing the pairwise error probability (PEP) of deciding ons when s was actually transmitted, it was shown in [3] that G e,d = R e and G e,c = (
1/Re are the diversity and coding gains, respectively, for a specific e. The diversity and coding gains for OFDM with LCP are then defined as [3] 
By examining the dimensionality ofQ e , it is clear that the maximum diversity gain G d,max = L is achieved if and only if the matrix Q e has full rank for all e = 0.
Next, assume thatQ e is full rank, i.e., the maximum diversity gain is achieved. Then, G c is
It is proved in [3] that the parameter δ lcp is upper-bounded by
, where d min is the minimum Euclidean distance of the constellation Ω.
To summarize, the maximum diversity and coding gains of OFDM with LCP are
B. Subcarrier Grouping
The main purpose of subcarrier grouping is to reduce the receiver complexity while maintaining both the diversity and coding gains of OFDM. The basic idea behind this approach is to divide all the N carriers into nonintersecting subsets and then apply the rotation matrix with a much smaller size to each subset. Following the same notations in [3] , denote the set of N indexes of all the carriers as
Without loss of generality, the following assumption can be made on the carrier indexes:
A rotation matrix Θ with size F × F is then applied to each group I v to obtain a symbol sequence x v of size F . Combining all the V sequences {x v } gives the transmitted sequence x. Clearly, subcarrier grouping is just a special case of the general LCP, where the elements of the equivalent rotation matrix G are expressed as follows:
Consider the following algebraic construction of the rotation matrix (called LCP-A class) originally proposed in [11] :
where β is a normalization factor to ensure that tr(ΘΘ H ) = F and {α f }, 1 ≤ f ≤ F , are specified as follows.
• If F is an Euler number, i.e., F ∈ F 1 := {φ(P ) : P = 0 mod 4}, where φ(P ) is the number of positive integers less than P and relatively prime to P , then {α f } are the roots of ψ P (x) = 0, where ψ P (x) = p∈P (x − e j2πp/P ), and
With Θ in (11) as the rotation matrix for binary phase-shift keying, pulse-amplitude modulation, or QAM constellations and only considering the case that F = L, it is proved in [3] that the maximum diversity gain can always be achieved. Furthermore, by specifically choosing the subcarrier grouping
, it is shown in [3] that the maximum coding gain can also be achieved if
∈ F, it is proved that the coding gain can achieve at least 70% of G c,max .
What is not known in [3] is the following: 1) Is the subcarrier grouping proposed in [3] unique when L = F ? 2) What are the diversity and coding gains of GLCP-OFDM if the rotation Θ is applied for the case F > L and F ∈ F?
The above two questions are answered in the following sections when any QAM constellation is employed.
III. MAXIMUM DIVERSITY GAIN WITH SUBCARRIER GROUPING

Theorem 1:
The maximum diversity gain G d,max = L can always be achieved by employing the rotation matrix Θ in (11) and any subcarrier grouping approach, as long as F ≥ L.
Proof: As discussed before, achieving the maximum diversity gain for the special case of F = L was proved in [3] . For the general case of F ≥ L, proving Theorem 1 is equivalent to showing that the matrix Q e is positive definite for any e = 0. Assume that there exists a nonzero L × 1 vector u such that u H Q e u = 0. It then follows from (4) that 
where
L is a Vandermonde matrix. Its determinant can be computed in a particularly simple form as [12] 
H u = 0 is u = 0, which contradicts with the assumption that u is nonzero. Therefore, the matrix Q e must be positive definite, and the theorem is proved.
From Theorem 1, it can be seen that, whenever possible, F = L is the most suitable choice to achieve the maximum diversity gain while keeping the receiver complexity at minimum.
IV. MAXIMUM CODING GAIN WITH SUBCARRIER GROUPING
When the maximum diversity gain is achieved, the next important parameter is the coding gain. In the following, a necessary condition for the general LCP-OFDM systems to achieve the maximum coding gain, i.e., δ lcp = (d min )
2L , is introduced. Consider N vectors {e u }, 1 ≤ u ≤ N , in which all elements of e u are zero, except the magnitude of the uth element is |e u (u)| = d min . Each e u corresponds to the matrix Q u given in (4) with the set of L eigenvalues {λ u,l }. With the assumption that the maximum coding gain is achieved, one has
A(l, l) for any L × L Hermitian and nonnegative-definite matrix A yields
Summing up (14) over all u and using the power constraint in (1) gives
Therefore, a necessary condition to achieve the maximum coding gain is that all the eigenvalues of Q u are identical; hence,
Using (5), one has the following equivalent condition:
where W is given in (3), and
. Now, consider GLCP-OFDM with the algebraic rotation matrix Θ in (11) . Define the L × F matrix W v F for a given v, 1≤ v ≤ V , as follows:
and for any 1 ≤ v ≤ V . Thus, (18) is the necessary condition to achieve the maximum coding gain for GLCP-OFDM that employs the algebraic rotation matrix Θ in (11) . Next, consider the case F = L. The system in (18) then becomes the linear Vandermonde system, where the solution is closely related to Lagrange's polynomial interpolation formula [13] . First, construct the set of polynomials of degree (F − 1) {P v,f (x), 1 ≤ f ≤ F } as follows:
where A v f,k is the coefficient that corresponds to the order (k − 1) of 
Each term in the above product can be computed as
It then follows that 
where k f and k q are two integer numbers. Combined with the first condition in (9) , one has the following unique expression of the elements of I v for a given v:
Using the second condition in (9), the above expression becomes
for all 1 ≤ v ≤ V and 1 ≤ f ≤ F . Furthermore, by substituting (25) into (22), it can be verified that Θ c f = 1/F . Therefore, one arrives at the following conditions on subcarrier grouping scheme and rotation matrix to achieve the optimum coding gain when F = L:
Note that the condition p v,f = v + V (f − 1) essentially shows that the optimum solution of subcarrier grouping is unique and similar to the scheme that was chosen in [3] . Also, observe that when F / ∈ F, the class of LCP-A matrix does not satisfy the second condition in (26). Therefore, GLCP-OFDM cannot achieve the maximum coding gain in this case, as also observed in [3] .
For the case F > L, which is not considered in [3] , one has the following theorem.
Theorem 2: Using the subcarrier grouping solution in (26) and the rotation matrix Θ in (11), the maximum coding gain is achieved if F > L and F ∈ F. If F > L and F / ∈ F, the coding gain approaches at least 70% of the maximum one.
Proof: First, consider the case that F > L and F ∈ F. For convenience, let |G i e| = d i,e . The matrix Q e can be expressed as
where W e is the L × N matrix with the (l,
Applying the Binet-Cauchy theorem [14] , one has
where the sum is taken over all distinct L × L matrices A that can be obtained by deleting (N − L) columns from W e without interchanging the rows nor columns. Similar to the previous section, assume that there exists at least one nonzero element of e at some position in I v . Then, one can verify that {d
where the sum is taken over all L × L matrices that are constructed from L out of F rows, from p v,1 to p v,F , of W e . Clearly, there are in total
Observe that B is closely related to a Vandermonde matrix. Thus, its determinant can be computed as
When the subcarrier grouping in (26) is implemented, one can verify that
where the function κ(I L ) for each combination I L is defined as 
It is proved in Appendix B that for any group S m , a m L is divisible by 
Since F ∈ F, it is shown in [11] that
Therefore
Summing up (39) over all groups {S m } and using (36), it can be seen that
which shows that the maximum coding gain is achieved when F ∈ F. The fact that the coding gain of GLCP-OFDM is at least 70% of the maximum coding gain when F > L and F / ∈ F can be proved in a similar manner. The only difference in the proof is to use the following inequality when F / ∈ F instead of (38) [11] :
Combining the above two cases proves Theorem 2. Theorem 2 says that when the number of channel taps L is not in F, one must use the smallest F ∈ F that is larger than L in order to achieve the maximum coding gain with the lowest complexity receiver. Moreover, the result stated in Theorem 2 for the case F / ∈ F is only of theoretical interest. This is because if F / ∈ F, one can simply choose F = L to approach 70% of the maximum coding gain while keeping the decoding complexity at a minimum. Finally, it should be noted that when F > L, the subcarrier grouping solution in (26) might not be unique. There might be several possibilities of subcarrier grouping that achieve the maximum diversity and coding gains.
V. SIMULATION RESULTS
In all simulations, QPSK modulation with Gray mapping is used, and the maximum likelihood decoder is implemented. The number of channel taps is L = 3, and the number of subcarriers is set to N = 12. Note that L = 3 is not in F. Here, N = 12 is mainly chosen for the demonstration purpose. In the case that N is of the power 2, F is also of the power 2. Therefore, one could choose the smallest F such that F ≥ L to achieve the maximum diversity and coding gains.
First, consider an independent identically distributed (i.i.d.) channel Fig. 2 compares the bit-error-rate (BER) performance of GLCP-OFDM with three different group sizes, namely, F = 2, F = 3, and F = 4. For each value of F , a subcarrier grouping is implemented as in the first condition of (26). For example, with F = 3, N = 12 subcarriers are divided into four groups as follows: {1, 5, 9}, {2, 6, 10}, {3, 7, 11}, and {4, 8, 12}. Note that the parameter E b in Fig. 2 is the energy per bit . In all cases, the rotation matrix Θ is specified as in (11) . It can be seen from Fig. 2 that systems with F = 3 and F = 4 outperform the system with F = 2 because GLCP-OFDM systems with F = 3 and F = 4 successfully exploit the maximum diversity gain of L = 3 (note the similar slopes of BER curves when F = 3 and F = 4). However, Fig. 2 also shows that a significant coding gain, i.e., about 0.7 dB at the BER level of 10 −4 , can be obtained by using the group size F = 4 as compared to F = 3. This is due to the fact that the system with F = 4 achieves the maximum coding gain, whereas the one with F = 3 does not. Note that such a coding gain comes with an increase in decoding complexity. Also, it is worth mentioning here that when subcarrier grouping with F > 4 is implemented, the improvement in the BER performance might still be observed. This is because the analysis of subcarrier grouping is only based on the PEP, which does not fully imply the average BER performance. As pointed out in [3] , in addition to diversity and coding gains, some other factors such as the kissing number also affect the BER performance.
For a correlated channel, the following correlation matrix is assumed: Fig. 3 illustrates the BER performance for three systems with F = 2, F = 3, and F = 4. The BER performance of the system with F = 4 over the i.i.d. channel is also plotted for reference. Clearly, similar observations regarding the diversity and coding gains as in the case of i.i.d channel can also be made for the correlated channel. This again confirms our analysis on diversity and coding gains of GLCP-OFDM.
VI. CONCLUSION
A general analysis of the achievable diversity and coding gains of OFDM systems using LCP and subcarrier grouping over multipath fading channels was presented. When the group size F can be chosen to be the same as the number of channel taps L, a unique solution of the optimum subcarrier grouping to achieve the maximum diversity and coding gains was derived. When F cannot be the same as L, it was shown that choosing the lowest value of F such that F > L and F is an Euler number or an integer power of 2 is optimum in terms of achievable diversity and coding gains and the receiver complexity. (26) and the special matrices Q e and W e in (27) such that
Following the analysis in obtaining the necessary condition to achieve the maximum coding gain in (16), it can be verified that
Define the cyclic shift of I L (k) as follows:
where the sort operation is to ensure that the elements in I •
It is obvious that for all three cases, I 
I. INTRODUCTION
Wireless channels are highly unpredictable and are subjected to both frequency and time dispersions. In this paper, taking the multicarrier code-division multiple access (MC-CDMA) system [1] as the underlying framework, which is a CDMA system with an orthogonal frequency-division multiplexing (OFDM) overlay, we consider both channel tracking and signal detection in a time-varying environment.
A widely used approach for time-varying channel tracking is to insert pilot bits (also called "pilot carriers") in each OFDM symbol and then estimate the channel coefficients in the frequency domain (e.g., [2] and [3] ). In [4] and [5] , based on the 2-D sampling theorem, a 2-D pilot grid is designed to insert pilot bits in both frequency and time dimensions. These pilot-aided schemes yield a good performance in fast-fading scenarios, yet at the cost of spectral efficiency because of the considerable amount of overhead bits.
To improve spectral efficiency, joint channel estimation and signal detection schemes have been proposed in the literature (e.g., [6] - [13] ). The main idea is to use the estimated symbols as pseudopilot signals for channel estimation. The subsequent signal detection is then improved based on the refined channel estimates. Among the existing approaches, joint channel/signal estimation based on the Kalman filter has been prevalent [11] - [13] . As well known, the Kalman filter is the optimal minimum variance estimator for the channels characterized by the first-order autoregressive (AR) model [14] , provided the AR parameters are known to the receiver. In most of the existing works that utilize the Kalman filter [11] - [13] , [15]-[17], time-varying channels are modeled as AR processes with known parameters, while estimation of these parameters is largely overlooked. In such cases in which the AR parameters are not available, adaptive receivers have been developed by exploiting least mean square and/or recursive least square algorithms [17]- [19] .
In this paper, we propose a novel joint channel estimation and multiuser detection scheme over fast-fading channels. Instead of assuming a known AR model, we use the general Jakes' model [20] , making no assumptions on the knowledge of the channel model parameters. The proposed approach requires only one pilot symbol for initial channel estimation. A coarse estimate of the subsequent symbol is obtained by utilizing the channel state information (CSI) of the previous symbol and then refined through an iterative process. The reliability of such a scheme is based on the fact that, although the channel may vary fast and become uncorrelated over some period, the channel coefficients for two successive multicarrier (MC) symbols are highly correlated.
Under circumstances when the channel undergoes unpredictable abrupt changes, joint channel estimation and signal detection schemes are generally subjected to significant error propagation. The major contribution of this paper is that, while achieving higher spectral efficiency, the proposed approach is capable of detecting and tracking abrupt channel changes and, thus, can ensure robust error propagation control.
The rest of the paper is organized as follows. Section II describes the system model. Section III introduces the proposed joint channel estimation and signal detection algorithm. Section IV is focused on error propagation control and abrupt channel tracking. Simulation results are presented in Section V. We conclude in Section VI.
II. SYSTEM MODEL
A. Transmitter Structure
Consider an uplink MC-CDMA system with K users. The transmitter structure of user k is illustrated in Fig. 1 
